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Abstract
Let T be a tournament whose arcs are coloured with k colours. Call a subset X of the vertices of T absorbing if from
each vertex of T not in X there is a monochromatic directed path to some vertex in X . We consider the question of the
minimum size of absorbing sets, extending known results and using new approaches. The greater part of the paper deals
with 8nite tournaments, the last section treats in8nite ones. In each case questions are suggested, both old and new.
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1. Introduction
A directed graph or a digraph D = [V (D); A(D)] has a vertex set V (D), its arcs are ordered pairs (x; y) of distinct
vertices. Given digraphs D and D′, D′ is a subdigraph of D if V (D′) ⊆ V (D) and A(D′) ⊆ A(D). If X ⊆ V (D), denote
by D(X ) the subdigraph of D induced by X , that is, the digraph [X; A(D)∩ (X × X )]. If no confusion is likely, we write
V for V (D) and A for A(D). A (directed) path on distinct vertices will be denoted by x0 : : : xn. A path x0 : : : xn, with
(xn; x0)∈A is a cycle of length n + 1 or an (n + 1)-cycle. An in8nite path x0 : : : xn : : : is called a ray. A k-colouring
of a digraph D = [V; A] is a mapping from A into {0; : : : ; k − 1}; we say that D is k-coloured. A subdigraph D′ (not
necessarily induced) of D is monochromatic if all its arcs have the same colour. It is quasi-monochromatic if at most
one arc has a colour di@erent from the others. It is polychromatic if at least three colours appear on its arcs. A subset X
of V is absorbing if from every vertex of V \X there is a monochromatic path to some vertex in X ; an absorbing vertex
is de8ned analogously. A tournament T = [V (T ); A(T )] is a digraph such that (x; y)∈A(T ) if and only if (y; x) 
∈ A(T ).
We will call either of the two tournaments on 3 vertices a triple. Since an absorbing set always exists in a k-coloured
tournament T , it is natural to ask how small it can be.
This question was 8rst suggested in [3]. The authors consider the case of directed graphs and prove the following.
Theorem 1. Any 2-coloured directed graph without monochromatic rays contains an absorbing set with no monochro-
matic paths between its elements.
It follows from the theorem that every 2-coloured tournament without monochromatic rays admits an absorbing vertex.
This leads to these still open questions.
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Question 1 (attributed to Erdo˝s in Sands et al. [3]). Is there a function abs : ! → ! such that for every k ¡!, any
Anite k-coloured tournament has an absorbing set of size at most abs(k)?
Thus if abs exists, Theorem 1 of [3] implies that abs(2) = 1, and an example given in the same paper shows that
abs(3)¿ 3.
Question 2 (Sands et al. [3]). Does any Anite 3-coloured tournament without polychromatic 3-cycles admit an
absorbing vertex?
In [1,4], Question 2 is broached for any k colours.
Theorem 2 (Shen Minggang [4]). (1) For any k, each Anite k-coloured tournament without polychromatic triples con-
tains an absorbing vertex.
(2) For each k¿ 5 there is a Anite k-coloured tournament without polychromatic 3-cycles which does not have an
absorbing vertex.
Theorem 3 (Galeana-SanchCez [1]). If each directed cycle of length at most 4 in a k-coloured tournament T is quasi-
monochromatic then T has an absorbing vertex.
This leads, for any s¿ 4, to a hypothesis we shall call Hs.
Hypothesis Hs
• H3 is the hypothesis of the Arst part of Theorem 2: every triple is quasi-monochromatic.
• For s¿ 4, each cycle of length s is quasi-monochromatic and no cycle of length less than s is polychromatic.
We will reconsider Theorems 2 and 3, for both 8nite and in8nite tournaments, through two new approaches. These
consist in associating with each coloured tournament a new structure, a multitournament in one case, an underlying digraph
in the other. We will close Section 3 by relating the two.
2. First approach: multitournament
We need more notation. Let D = [V; A] be a k-coloured digraph. For x 
= y∈V , x → y means that (x; y)∈A, and if
the arc (x; y) is coloured i, we write x i→ y. Similarly, x ⇒ y means that there is a monochromatic path from x to y, and
if there is a path of colour i, we write x i⇒y. In the rest of this section we consider only 8nite tournaments.
For each k-coloured tournament T = [V; A] we de8ne the associated multitournament T = (T0; : : : ; Tk−1) as follows.
For each i, the digraph Ti = [V; A(Ti)] is such that for x 
= y∈V , (x; y)∈A(Ti) exactly when x i⇒y. Each Ti is transitive
because it is the transitive closure of the directed graph induced by the arcs of colour i in T . Further, T is complete,
that is, for any x 
= y∈V there is a colour i such that (x; y) or (y; x) (or both) is an arc of Ti. It may be possible to
remove arcs from T while preserving the completeness of T and the transitivity of each Ti. This leads to the notion
of minimal multitournaments for T . Let U = (U0; : : : ; Uk−1) be obtained from T by deleting arcs from the Ti’s. Such a
multitournament is called minimal if no arc may be removed from it without destroying either the completeness of U, or
the transitivity of the Ui’s, or both. Given x; y; z ∈V such that (x; y)∈A(Ui), (y; z)∈A(Ui′) and (z; x)∈A(Ui′′), xyz is a
polychromatic 3-cycle of U if i, i′ and i′′ are distinct.
Theorem 4. Let T=[V; A] be a k-coloured tournament and let a minimal multitournament U=(U0; : : : ; Uk−1) be obtained
from the associated multitournament. If U is without polychromatic 3-cycles then the digraph [V;
⋃k−1
i=0 A(Ui)] is a total
order whose maximum is an absorbing vertex in T .
Before stating and proving the two lemmas from which the above theorem immediately follows, we need to recall a
few more notions. An interval in a digraph D = [V; A] is a subset X of V such that for any a; b∈X and any x∈V \ X
we have (a; x)∈A exactly when (b; x)∈A, and similarly for (x; a) and (x; b). An interval partition I of D is a partition
of V into intervals. Each interval partition I of D induces a quotient D=I = [I; A=I] de8ned by setting (I; J )∈A=I
if (x; y)∈A for x∈ I; y∈ J . Conversely, consider a family {Dx}x∈V of digraphs with pairwise disjoint vertex sets. The
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lexicographic sum of {Dx}x∈V over D is the digraph D[Dx; x∈V ] on ⋃x∈V V (Dx) obtained by conserving, for each vertex
x of D, the arcs of Dx, and by adding, for each arc (x; y) of D, all arcs from V (Dx) to V (Dy). Clearly {V (Dx)}x∈V is
an interval partition of the sum and the corresponding quotient is isomorphic to D.
Lemma 5. Let T=[V; A] be a k-coloured tournament and let a minimal multitournament U=(U0; : : : ; Uk−1) be obtained
from the associated multitournament. Then each Ui is a poset.
Proof. With every Uj we associate the equivalence relation Rj de8ned by xRjy if both (x; y) and (y; x) are in A(Uj).
The family Ij of the equivalence classes of Rj is an interval partition of Uj and the quotient Uj=Ij is a poset. Each
X in Ij may be totally ordered by some L
j
X and so the lexicographic sum Vj = (Uj=Ij)[L
j
X ;X ∈Ij] is a poset. Clearly,
the multitournament V = (V0; : : : ; Vk−1) is complete and every Vj is transitive. By the minimality of U, U =V, that is,
Uj = Vj for all j.
Lemma 5 allows us to write x¡i y instead of (x; y)∈A(Ui). Further, we write x ≺i y to indicate that x is an immediate
predecessor of y in Ui.
Lemma 6. Let U be as in Lemma 5. Then [V;
⋃k−1
i=0 A(Ui)] is antisymmetric.
Proof. Assume not. Then, by Lemma 5, there are i 
= j and x 
= y∈V such that x¡i y and y¡j x. Observe 8rst that in
this case x i y and y j x. Indeed, if, for example, x ≺i y, then we can de8ne a multitournament V = (V0; : : : ; Vk−1)
by Vi = [V; A(Ui) \ {(x; y)}] and Vl =Ul for l 
= i. The new multitournament is complete and each Vl is transitive, which
contradicts the minimality of U. Consider a sequence x= x0; : : : ; xm=y with xl ≺i xl+1 for 06 l¡m. Since xm ¡j x0, we
can de8ne p as the least index such that xp ¡j x0. By our 8rst observation, p¿ 1 and xp j xp−1. Moreover, xp−1 j x0
by the minimality of p. To resume, we have
• x0 ¡i xp−1 ¡i xp,
• xp ¡j x0,
• xp j xp−1 j x0.
In the same manner, consider a sequence xp = z0; : : : ; zn = x0 with zl ≺j zl+1 for 06 l¡n. For any 0¡l¡n we
then have zl ¡j x0 ¡i xp−1 and xp−1 ¡i xp ¡j zl. Now, since every 3-cycle in U is quasi-monochromatic, zl and xp−1
are incomparable in Ur for r ∈{0; : : : ; k − 1} \ {i; j}. Also, as xp j xp−1 j x0, zl and xp−1 are incomparable in Uj .
It follows that zl ¡i xp−1 or xp−1 ¡i zl. Finally, since zn ¡i xp−1 ¡i z0, there is a 06 l¡n such that zl+1 ¡i xp−1 ¡i zl.
Consequently, zl+1 ¡i zl, which contradicts the 8rst observation.
To complete the proof of Theorem 4, it suOces to show that [V;
⋃k−1
i=0 A(Ui)] is transitive. This is an immediate
consequence of the absence of polychromatic 3-cycles in U and of the antisymmetry of [V;
⋃k−1
i=0 A(Ui)].
Is the absence of polychromatic triples or, more strongly, of polychromatic 3-cycles in a coloured tournament related
to the absence of polychromatic 3-cycles in some minimal multitournament obtained from its associated multitournament?
The same question may be envisaged for tournaments that satisfy Hs, where s¿ 4. More speci8cally:
Question 3. Given s¿ 3, does a k-coloured tournament satisfying Hs possess a minimal multitournament without poly-
chromatic 3-cycles?
Question 4. Does a k-coloured tournament without polychromatic 3-cycles possess a minimal multitournament without
polychromatic 3-cycles?
The answer to Question 4 is no for k¿ 5. Indeed, by Theorem 4, any minimal multitournament obtained from the
tournaments constructed in [4] to prove the second part of Theorem 2 contains polychromatic 3-cycles.
3. Second approach: underlying digraph
Although the de8nitions of this section extend easily to in8nite digraphs and tournaments, we continue only to consider
8nite ones. Let D = [V; A] be a k-coloured directed graph. For a vertex x of D, denote its outdegree by dD(x) and let
diD(x) be the number of i-coloured arcs of D beginning at x. An arc (x; y) of D is forced if y ; x. The family of forced
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arcs of D is denoted by F(D) and we de8ne the underlying digraph of D to be D˜ = [V; F(D)]. Let Fi(D) be the set of
forced arcs of D coloured i.
Obviously, in a tournament T , a vertex x is absorbing if and only if dT˜ (x) = 0. Whence the following observation.
Observation 1. If T˜ is the underlying digraph of a k-coloured tournament T and if T˜ is acyclic, then T has an absorbing
vertex.
A k-coloured digraph D is semi-transitive provided that for x; y; z ∈V and i 
= j∈{0; : : : ; k − 1}, if x i→ y and y j→ z
then x → z. This notion and Lemma 7 were inspired by the main arguments of the 8rst part of Theorems 2 and 3.
Lemma 7. If a k-coloured tournament T satisAes Hs for some s¿ 3, then T˜ is semi-transitive.
Proof. Given distinct colours i and j and vertices x; y; z with (x; y)∈Fi(T ) and (y; z)∈Fj(T ), it suOces to show that
z ; x. Otherwise there is, in T , a monochromatic path z = z0 : : : zn = x of colour k. As the arcs (x; y) and (y; z) are
forced, k 
= i; j, and for 06 l6 n, the arc in T between y and zl is not coloured k. Since z0 : : : zny is a polychromatic
cycle of length n+ 2, n¿ s− 1.
Assume 8rst that T satis8es H3. Let m be the largest index such that the arc in T between y and zm is coloured j.
Since there are no polychromatic triples in T , the arc between y and zm+1 is coloured j or k and we saw that it is not
k. This contradicts the maximality of m, so z ; x and (x; z)∈F(T ).
Suppose next that T satis8es Hs with s¿ 4. For l∈{0; : : : ; n − s + 2}, if y → zl , then y → zl+s−2 and thus if
zl+s−2 → y, then zl → y. Otherwise, zl : : : zl+s−2y is a cycle of length s containing at least 2 arcs coloured k. As it is
quasi-monochromatic, y k→ zl or zl+s−2 k→ y. However, we already mentioned that the arcs between y and the path z0 : : : zn
are not coloured k. It ensues that since y → z0, y → zl for l∈{0 : : : ; n} such that l ≡ 0 modulo s− 2. As zn → y, n 
≡ 0
modulo s − 2 and so n = ! + "(s − 2), where 0¡!¡s − 2 and "¿ 0. From zn → y, it follows also that zl → y for
each l∈{0 : : : ; n} such that l ≡ ! modulo s − 2. Since z0 : : : z!y is a cycle of length ! + 2¡s, it is not polychromatic
and since z! → y is not coloured k, z! j→ y. In the same manner, by considering the cycle z"(s−2) : : : z!+"(s−2)y, we obtain
y i→ z"(s−2). Finally, if z! → zn (resp. zn → z!), then z0 : : : z!zny (resp. z"(s−2) : : : znz!y) is a polychromatic cycle of length
! + 36 s ; which contradicts the hypothesis Hs . Consequently, z ; x and (x; z)∈F(T ).
The converse of the lemma is false. Consider the tournament obtained from some monochromatic strongly connected
tournament by replacing one vertex by an interval consisting of a polychromatic 3-cycle.
The preceeding lemma and Observation 1 allow us to give a simple proof of the next theorem which generalizes
Theorems 2 and 3.
Theorem 8. A Anite k-coloured tournament satisfying Hs with s¿ 3 admits an absorbing vertex.
Proof. Let T be such a tournament. Assume that its underlying digraph T˜ is not acyclic. Every shortest cycle in T˜ must
be monochromatic by semi-transitivity, and then none of its arcs are forced. Thus T˜ is acyclic and T has an absorbing
vertex.
The next result relates our two approaches for 8nite tournaments.
Proposition 9. For a k-coloured tournament T , T˜ is acyclic if and only if there exists a minimal multitournament for
T without polychromatic 3-cycles.
Proof. Assume 8rst that T˜ is acyclic. The transitive closure of T˜ is then a poset and we can consider one of its linear
extensions L. From the associated multitournament T = (T0; : : : ; Tk−1) we de8ne, for each colour i, Vi = [V; A(Vi)] with
A(Vi) = A(Ti) ∩ A(L). This yields a multitournament V = (V0; : : : ; Vk−1). By the de8nition of the A(Vi), V is obtained
from T by deleting some of its arcs. For the same reason, since L and each Ti are transitive, so is Vi. We now verify
that
⋃k−1
i=0 A(Vi) = A(L), which implies both that V is complete and that it is without polychromatic 3-cycles. Clearly,⋃k−1
i=0 A(Vi) ⊆ A(L). For the other inclusion, 8rst observe that for x; y∈V , x ; y if and only if (y; x)∈F(T ). If
(x; y)∈A(L), then (y; x) 
∈ A(L) and, a fortiori, (y; x) 
∈ F(T ). Hence, x ⇒ y and this means that (x; y)∈A(Ti) for some
i. To complete the proof, it suOces to consider any minimal multitournament obtained from V.
Conversely, it follows immediately from the de8nition of forced arcs that F(T ) ⊆ ⋃k−1i=0 A(Ui) for every minimal
multitournament (U0; : : : ; Uk−1). By Theorem 4, if U=(U0; : : : ; Uk−1) is a minimal multitournament without polychromatic
3-cycles, then [V;
⋃k−1
i=0 A(Ui)] is a total order and, consequently, T˜ is acyclic.
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This proposition gives a positive answer to Question 3. The converse is false as shown by the following example.
Let T be the tournament de8ned on {0; : : : ; 2m}; m¿ 2, by putting the usual order on {0; : : : ; 2m − 1} and by setting
2m→ 2i and 2i + 1→ 2m for 06 i6m− 1. Colour (2m− 1; 2m) and all the arcs on {0; : : : ; 2m− 1} by 0 and colour
the remaining arcs by other colours but so that there is at least one polychromatic 3-cycle. Since T0 is the usual order on
{0; : : : ; 2m}, the deletion of the arcs not coloured 0 leaves a minimal multitournament without polychromatic 3-cycles.
To complete the section, we show the independence of the hypotheses Hs, s¿ 3.
• For s¿ 4, Hs ; H3. Let T be an arbitrary tournament on at least four vertices. There are vertices x; y and z
with x → y; x → z; y → z. Colour all the arcs 0, except for y → z and x → z which will be coloured 1 and 2,
respectively. For every s¿ 4, T satis8es Hs but H3 does not hold because of the subtournament on {x; y; z}.
• For s¿ 4, H3 ; Hs. Let T be a strongly connected tournament on more than s vertices. There is a cycle x0 : : : xs−1
in T . Colour the arcs x0 → x1 and x1 → x2 with colour 1 and all the remaining arcs with colour 0. Clearly H3
holds, and Hs is not satis8ed because of the cycle x0 : : : xs−1.
• For s¿ 4 and t ¿ 0, Hs+t ; Hs. Let T be a tournament of order at least s+ t on the disjoint union of vertex set
X = {x0; : : : ; xs−1} and Y satisfying
(a) for p; q∈{0; : : : ; s− 1}; xp → xq if q = p+ 1 or q¡p− 1;
(b) for every y∈ Y; y → x1 and xp → y for p= 0; 2; 3; : : : ; s− 1.
The tournament T (Y ) is arbitrary. All the arcs of T are coloured 0 except x0 → x1 and x1 → x2, which are coloured
1. Then T satis8es Hs+t but not Hs, since for l = 3; 4; : : : ; s, the cycle x0x1 : : : xl−1 is the unique cycle of length l
in T which is not quasi-monochromatic.
• For s¿ 4 and t ¿ 0, Hs ; Hs+t . Let T be a tournament of order at least s+ t on the disjoint union of vertex sets
X = {x0; : : : ; xs+t−2} and Y satisfying
(a) for p; q∈{0; : : : ; s + t − 2}; xp → xq if q = p+ 1 or q¡p− 1;
(b) for every y∈ Y; y → x0 and xp → y for p= 1; 2; 3; : : : ; s + t − 2.
The tournament T (Y ) is arbitrary. All the arcs are coloured 0 except the arc xs+t−3 → xs+t−2 coloured 1, and the
arcs from xs+t−2 to the vertices of Y , which are coloured 2. Since any cycle which is not quasi-monochromatic in
T is, in fact, polychromatic and of length at least s + t, and since x0x1 : : : xs+t−2y is such a cycle for any y∈ Y , T
satis8es Hs but not Hs+t .
4. In*nite tournaments
The purpose of this section is to extend Theorems 1 and 8 to in8nite k-coloured tournaments without monochromatic
rays which ful8ll Hs, s¿ 3. We begin with an observation.
Observation 2. In any k-coloured acyclic digraph D without monochromatic rays there is, for each colour i and each
vertex x∈V (D), an i-coloured path x = x0 : : : xm with diD(xm) = 0.
This observation and the next lemma will allow us to 8nd an absorbing vertex in the tournament T under consideration,
that is, a vertex x of T such that dT˜ (x) = 0.
Lemma 10. Let D be a k-coloured semi-transitive and acyclic digraph without monochromatic rays. Fix a colour i and
let X = {x∈V (D): diD(x) = 0}. Then for every x∈X we have dD(x) = 0 if and only if dD(X )(x) = 0.
Proof. Let x∈X . It suOces to show that if there is j 
= i such that djD(x) 
= 0 then there is j′ 





j→ y. By Observation 2, there is an i-coloured path y = y0 : : : ym with ym ∈X . By semi-transitivity, and
because diD(x) = 0, x
j1→ y1 with j1 
= i. Similarly, x j2→ y2; : : : ; x jm→ ym, where j1; : : : ; jm are distinct from i.
The proof of the theorem is now easy.
Theorem 11. Every inAnite k-coloured tournament without monochromatic rays which satisAesHs, where s¿ 3, contains
an absorbing vertex.
Proof. Let T be such a tournament. As in the 8nite case, the underlying subdigraph T˜ is semi-transitive and acyclic,
and it is without monochromatic rays since T is. We now de8ne a nested sequence of induced subdigraphs of T˜ . First,
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let D0 = T˜ . For the inductive step with 06 i6 k − 1, let Xi = {x∈V (Di): diDi (x) = 0} and set Di+1 = Di(Xi). Clearly,
D0; : : : ; Dk are semi-transitive, acyclic, and without monochromatic rays. Consequently, by Observation 2, X0; : : : ; Xk−1
are nonempty. For each x∈Xk−1 we have, by Lemma 10, dD0 (x) = 0 ⇔ · · · ⇔ dDk (x) = 0. For each colour j, since
x∈Xk−1 ⊆ Xj , djDj (x) = 0 by de8nition of Xj and since Dk is an induced subdigraph of Dj , d
j
Dk






(x) = 0, that is, dT˜ (x) = 0. In other words, every x∈Xk−1 is an absorbing vertex of T .
There are a few more things we can say about in8nite tournaments. Let D be a k-coloured digraph. A subdigraph D′
of D is Anitely absorbed in D if there is a 8nite subset of V (D) which absorbs D′. A natural question is whether every
in8nite k-coloured tournament T is 8nitely absorbed. To explore the situation when T is not 8nitely absorbed, observe
that we can then de8ne a sequence (xn)n¡! of vertices of T , starting with any x0 in V (T ), such that xn+1 not absorbed
by {x0; : : : ; xn}. Note that we must have xi → xn+1 for 06 i6 n. Thus the set {x0; : : : ; xn; : : :} induces a total order of
type ! in T , which, by Ramsey’s theorem, contains L!, a monochromatic total order of the same type. This proves the
following.
Observation 3. Every inAnite k-coloured tournament without monochromatic rays is Anitely absorbed.
A slight modi8cation of the argument shows a little bit more.
Observation 4. Every k-coloured inAnite tournament T of coAnality ! is Anitely absorbed if and only if each monochro-
matic ray is Anitely absorbed in T .
As in the 8nite case, we can ask whether there is a bound on the size of minimum absorbing sets in 8nitely absorbed
in8nite k-coloured tournaments. Since, clearly, the existence of such a bound for in8nite k-coloured tournaments implies
its existence for 8nite ones, we can formulate the question more precisely.
Question 5. If every Anite k-coloured tournament has an absorbing set of size at most abs(k) (recall Question 1), is it
also true for inAnite k-coloured tournaments without L!, or, more strongly, without monochromatic rays?
5. Epilogue
For convenience, the minimum size of an absorbing set in a k-coloured tournament T is denoted by abs(T ). To relate this
to Question 1, if abs(k) is well de8ned, then abs(T )6 abs(k) for every 8nite k-coloured tournament T . The lexicographic
construction naturally leads to k-colourings induced by the colourings of the constituent parts. If k-colourings are 8xed
for digraphs D and Dx, x∈V (D), the lexicographic sum D[Dx; x∈V (D)] can be k-coloured by assigning to the arcs
between Dx and Dy the colour of the arc between x and y in D and by preserving the colours of the arcs inside each
Dx. In case every Dx is a copy, including the colouring, of D, the k-coloured lexicographic sum is denoted by D2. In
[3] it is observed that abs(polychromatic 3-cycle) = 2 and abs((polychromatic 3-cycle)2) = 3. More generally, we have
the next lemma.
Lemma 12. Let T [Tx; x∈V (T )] be a k-coloured lexicographic sum such that for x∈V (T ), abs(Tx)¿ 1:
(1) If abs(T ) = 1 then abs(T [Tx; x∈V (T )]) = min{abs(Tx): x is an absorbing vertex of T}.
(2) If abs(T )¿ 1 then abs(T ) + 1¿ abs(T [Tx; x∈V (T )])¿ abs(T ), and abs(T [Tx; x∈V (T )]) = abs(T ) if and only if
T has a minimum absorbing set X such that for every x∈X there is a y∈X with x ⇒ y.
Proof. For every absorbing set X of T [Tx; x∈V (T )], X=T = {x∈V (T ): X ∩ V (Tx) 
= ∅} is an absorbing set of T , thus
abs(T [Tx; x∈V (T )])¿ abs(T ). If abs(T )=1, the assertion of the lemma is clear. Assume that abs(T )¿ 1 and let X be a
minimum absorbing set in T . If X ⊆ V (T [Tx; x∈V (T )]) with |X∩V (Tx)|=1 for x∈X , then X absorbs T [Tx; x∈V (T )],
except possibly Tx whenever for every y∈X \{x}, y → x. Since abs(T )¿ 1, there is a y∈V (T ) such that x → y. For any
u∈V (Ty), X⋃{u} absorbs T [Tx; x∈V (T )] and so abs(T [Tx; x∈V (T )])6 abs(T ) + 1. Now X absorbs T [Tx; x∈V (T )],
provided that for each x∈X there is a y∈X with x ⇒ y. Consequently, abs(T [Tx; x∈V (T )]) = abs(T ) in this case.
Conversely, if abs(T [Tx; x∈V (T )]) = abs(T ), then for a minimum absorbing set X in T [Tx; x∈V (T )], |X=T | = |X| and
we can let ux be the unique element of X ∩ V (Tx) for x∈X=T . Since abs(Tx)¿ 1, ux does not absorb Tx and, therefore,
there is a y∈X=T such that uy absorbs Tx, that is, x ⇒ y.
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The intent of this lemma is to obtain a lexicographic sum T [Tx; x∈V (T )] such that abs(T [Tx; x∈V (T )])¿ abs(T )
and abs(T [Tx; x∈V (T )])¿ abs(Tx) for x∈V (Tx). Since a lexicographic sum over a lexicographic sum over a tournament
T is still a lexicographic sum over T , repeated applications of Lemma 12 are not useful. Further, only indecomposable
tournaments T , that is, those with no intervals other than ∅, V (T ), and {x} for x∈V (T ), need be considered since the
others may be expressed as lexicographic sums. If we wish to obtain, in this manner, a coloured tournament having a
minimum absorbing set of size at least 4, we must exhibit an indecomposable coloured tournament T such that abs(T )=3.
The following is an alternative to obtain coloured tournaments T such that abs(T )¿ 3. Given a prime number p
congruent to 3 modulo 4, the tournament Tp is de8ned on {0; : : : ; p − 1} as follows. For i; j∈{0; : : : ; p − 1}, i → j if
j − i is a quadratic residue of p. A subset X of {0; : : : ; p − 1} is directly absorbing if for each x∈{0; : : : ; p − 1} \ X ,
there is y∈X such that x → y. In [2], it is proved that for every n¿ 0, if p¿n222n−2 and if X is a direct absorbing
set of Tp, then |X |¿n. Obviously, abs(Tp)¿n provided that the considered colouring is injective. The problem is then
to 8nd a colouring of Tp which maximizes abs(T ) by using a minimum number of colours.
The last point related to 8nite coloured tournaments concerns the structure of the underlying digraph. It ensues from
Section 3 that the underlying digraph T˜ of a coloured tournament T is acyclic provided that T satis8es Hs, where s¿ 3.
We can ask for the converse.
Question 6. Given an acyclic digraph D, is there a coloured tournament T satisfying Hs, s¿ 3, such that T˜ = D or,
more weakly, such that D is a subdigraph of T˜ , where T˜ and D are considered without colouring? More generally, the
same question may be asked for any digraph and any coloured tournament.
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